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2.2.1Functions

Language of Functions
What is a mapping?

= Amappingtransforms one set of values (inputs) into another set of values (outputs)
= Mappings canbe:
= One-to-one
= Eachinput gets mapped to exactly one unique output
= No two inputs are mapped to the same output
= Forexample: Amapping that cubes the input
= Many-to-one
= Eachinput gets mapped to exactly one output
= Multiple inputs can be mapped to the same output
= Forexample: Amapping that squares the input
= One-to-many
= Aninput canbe mapped to more than one output
= No two inputs are mapped to the same output
= Forexample: Amapping that gives the numbers which when squared equal the input
= Many-to-many
= Aninput canbe mapped to more than one output
= Multiple inputs can be mapped to the same output
= Forexample: Amapping that gives the factors of the input

MAPPING
INPUT —_— OUTPUT

[

#Fsavemyexams

Whatis a function?
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= Afunctionis a mapping between two sets of numbers where eachinput gets mapped to exactly one
output
= The output doesnotneedto be unique

= One-to-one and many-to-one mappings are functions
= Amappingisafunctionif its graph passes the vertical line test
= Any vertical line will intersect with the graph at most once
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MANY -TO-0ONE MAPPINGS ONE-TO-ONE MAPPINGS
ARE FUNCTIONS ARE FUNCTIONS

#savemyexams

What notationis used for functions?

= Functions are denoted using letters (such as f, v, &, etc)
= Afunctionis followed by avariable in a bracket
= This shows theinput for the function
= Theletter f isusedmost commonly for functions and will be used for the remainder of this revision
note
] f(X) represents an expression for the value of the function f when evaluated for the variable X
= Functionnotation getsrid of the need for words which makes it universal
«  f=35when x=2 cansimplybewrittenas f(2)=35

What are the domain and range of a function?

= The domain of a functionis the set of values that are used as inputs
= Adomainshould be stated with a function
= |fadomainisnotstated thenitis assumed the domainis all the real values which would work as
inputs for the function
= Domains are expressed in terms of the input
« x<2
= Therange of afunctionis the set of values that are given as outputs
= Therange depends onthe domain
= Ranges are expressedin terms of the output
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- ()20
= To graphafunction we use the inputs as the x-coordinates and the outputs as the y-coordinates

= f(2) =5 corresponds to the coordinates (2, 5)
= Graphing the function can help you visualise the range
= Common sets of numbers have special symbols:

» R represents allthe real numbers that can be placed on a number line
* X € R means Xisareal number

a
= Q representsallthe rational numbers —— where a and b are integers and b # 0

b

» / represents allthe integers (positive, negative and zero)

- 7% represents positive integers

: N represents the natural numbers (0,1,2,3...)

Zz

INTEGERS
(L2 20 Yo

N

NATURAL

NUMBERS
Opd 2y 30

©O Examiner Tip

= Questions may referto "the largest possible domain”

= thiswouldusuallybe X € R unless natural numbers, integers or quotients has already been
stated
= there are usually some exceptions

= e.g. squareroots; X 2> 0 forafunctioninvolving 4/ X

= e.g. reciprocal functions; X # 2 forafunction with denominator (X = 2)
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@ Worked example A/

Your notes
For the function f(X) =x3+1, 2<x<10:

a) write down the value of f(7)

Subs’ri’ruﬁe x =1
HA) = e

f(3)- 3k

o) find the range of f(X)

Find the values of 23+l when 2<¢x<I0

Lsx ¢|0

b < 2’ <000
9 ¢ x3+1 €100l
q ¢ f(x) <100
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Inverse Functions /
Whatis aninverse function? Your notes

= Only one-to-one functions have inverses
= Afunctionhasaninverseif its graph passes the horizontal line test
= Any horizontal line willintersect with the graph at most once

Givenafunction f(X) we denote the inverse functionas 1 (X)
Aninverse functionreverses the effect of a function

« A2)=5means £ 1(5)=2
Inverse functions are used to solve equations

« Thesolutionof f(x)=5is x=f"1(5)

INVERSE FUNCTIONS

f(x)

£7(x)

#Fsave myexams

What are the connections between a function and its inverse function?
= The domain of a function becomes the range of itsinverse
= Therange of a function becomes the domain of itsinverse
= Thegraphof y= f_l(X) is areflection of the graph Y = f(X) intheline Yy =X
= Therefore solutions to f(X) =Xor f_l(X) = X willalso be solutions to f(X) = f_l(X)
= There could be other solutions to f(X) = f_l(X) thatdon'tlieontheline Y= X
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s

y
7\ Your notes

y=Lnx

4 —4

#Fsavemyexams

O Examiner Tip

1
= Rememberthat, ingeneral, f_l(x)i
f(x)
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@ Worked example

For the function f(X) =x3+1, 2<x<10:

a) write down the range of the inverse function, 1 (X)

The range of f'(x) is the domain of f
L ¢ f“(x) ¢ 1D

b) find the value of f_1(217).

F x:f"(a) then f(x):a
x = £ (213)

f(=) = 213
w34 = 213 > Use definition of function

23206 D Subtmet 1
e 5B o Gl vt
() =6
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What are piecewise functions?

= Piecewise functions are defined by different functions depending on which interval the inputisin

x+1

"o f(X)={2x—4

x<5
5<x<10

= Theintervals for the individual functions cannot overlap

= Toevaluate a piecewise function foraparticularvalue X = k

» Findwhichintervalincludes kK

= Substitute X = Kintothe corresponding function

@ Worked example

Forthe piecewise function

f(X)={

-10<x<10
x>10

2x—5
3x+1

a) find the values of f(O), f(lO), f(20).

| dentity the

X 0 iS in
xz=l0 is n
x=0 is in

f(0): -5

b) state the domain.

Domam IS
-10¢ x €ID

x>-10

(orrect 1(undior\ o wse

-l0sx¢l0 > Fo)-20)-5 =-5
-l0exeld > Fao) = 2n)-5 =15
x>0 f(0): 3()+\ = 6]
fo) =15 f(20) = 6|

the set of

ond 2 >1D

inputs
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2.2.2 Graphing Functions

Graphing Functions

How do | graph the functiony = f(x)?

Apoint (a, b) liesonthe graph Yy = f(X) if f(a) =b

The horizontal axis is used for the domain

The vertical axis is used for the range

You will be able to graph some functions by hand

For some functions you will need to use your GDC

You might be asked to graph the sum or difference of two functions

Useyour GDCtograph Yy = f(X) + g(X) or y= f(X) - g(X)

Justtype the functionsinto the graphing mode

What s the difference between “draw” and “sketch”?

If asked to sketch you should:

Show the general shape
Label any key points such as the intersections with the axes
Label the axes

If asked to draw you should:

Use apencilandruler

Draw to scale

Plot any points accurately

Join points with a straight line or smooth curve

Label any key points such as the intersections with the axes
Labelthe axes

How can my GDC help me sketch/draw a graph?

= Youuseyour GDC to plot the graph

Check the scales on the graph to make sure you see the full shape

Use your GDC to find any key points
Use your GDC to check specific points to help you plot the graph
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Key Features of Graphs
What are the key features of graphs?

= You should be familiar with the following key features and know how to use your GDC to find them
= Local minimums/maximums
= These are points where the graph has a minimum/maximum for a small region
= They are also called turning points
= Thisis where the graph changesits direction between upwards and downwards directions
= Agraph canhave multiple local minimums/maximums
= Alocal minimum/maximum is not necessarily the minimum/maximum of the whole graph
= Thiswould be called the global minimum/maximum
= Forquadratic graphs the minimum/maximumi s called the vertex
= |ntercepts
= y-intercepts are where the graph crosses the y-axis
= Atthesepointsx=0
= x-intercepts are where the graph crosses the x-axis
= Atthesepointsy=0
= These points are also called the zeros of the function or roots of the equation
= Symmetry
= Some graphs have lines of symmetry
= Aquadratic willhave a vertical line of symmetry
= Asymptotes
= These arelines which the graph will get closer to but not cross
= These canbe horizontal or vertical
= Exponential graphs have horizontal asymptotes
= Graphs of variables which vary inversely can have vertical and horizontal asymptotes
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?/\

TURNING POINTS y=*F(x)
SMOOTH
\ CURVE

y—AXIS
INTERCEPT

x—AXIS
INTERCEPTS

#Fsave myexams

O ExaminerTip

= Most GDC makes/models will not plot/show asymptotes just from inputting a function
= Addthe asymptotes as additional graphs for your GDC to plot
= Youcanthencheckthe equations of your asymptotes visually
= Youmay have tozoomin or change the viewing window options to confirm an asymptote
= Evenifusing your GDC to plot graphs and solve problems sketching them as part of your working
is good exam technique
= | abelthe key features of the graph and anything else relevant to the question on your sketch
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@ Worked example

Two functions are defined by

1
x+1

fx)=x2—4x—5and g(x)=2+

a) Draw the graph Yy = f(X)

Draw means accur‘afelb

Use GDC to find vertex roots and y-infercepts
Veﬁex = (2| _q)

Rots = (-1,0) and (5,0)
y-intercept = (0,-5)

%: :X,l-"-l-l‘s

(2.-9)

o) Sketchthe graph y=g(X).
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dketch means mugh but showing Key points /
Your notes

Use GDC fo find x and y-iafercepts and asympfotes

X-wnfercept - ('%,0)

Y- nfercept * ( 0,3)

A$3m9+o’feb : x=-] and 3=2.

n'j
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Intersecting Graphs /
How do | find where two graphs intersect? Your notes

= Plot both graphs onyour GDC
= Usetheintersect functionto find the intersections
= Checkif thereis more than one point of intersection

)‘A

2x—y=3

(21

3x+y=7

o LINES INTERSECT AT (21
° SOWVING 2x-y=3 AND 3x+y=7
SIMULTANEQUSLY IS x=2, y=1

@ savemyexams

How canluse graphs to solve equations?

= One methodto solve equationsis to use graphs
= Tosolve f(X) =a
= Plotthetwographs Yy = f(X) and Yy = donyourGDC

= Findthe points of intersections
= The x-coordinates are the solutions of the equation

= Tosolve f(X) = g(X)
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= Plotthetwographs Yy = f(X) and y=g(X) onyourGDC /
= Findthe points of intersections
= The x-coordinates are the solutions of the equation

= Using graphs makes it easier to see how many solutions an equation will have

Your notes

O Examiner Tip

= You canuse graphsto solve equations
= Questions willnot necessarily ask for a drawing/sketch or make reference to graphs
= Useyour GDC to plot the equations and find the intersections between the graphs
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@ Worked example A/

Two functions are defined by Yournotes
4

f(x)=x3—xand g(x)= o

a) Sketchthe graph y = f(X)
Use GDC 1o find max ,min, intercepts
(-0.573 0.385)
(\0)

(0.513,-0.385)

o) Write down the number of real solutions to the equation x3—-x=2.

\den’nﬂ) the number of intersections between
Lj:ac"—at_ and ld=7-

- 3
\5-1 aL i
1 in}efsedion

-0.385

1 solution

c) Find the coordinates of the pointswhere Y = f(X) and Y= g(X) intersect.
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Use GDC 1o sketch both graphs 4

Your notes

(-1.60,-2.90) and (1602.50)

d)
Write down the solutions to the equation x3—x=—.
X

Sdltions +o 13*1-% are the x wordinates of
the points of intersection

x = ~l.b0 and 2 =160
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2.2.3 Properties of Graphs

Quadratic Functions & Graphs

What are the key features of quadratic graphs?

A quadratic graphis of the form y = ax?+ bx+ cwhere a=0.
The value of a affects the shape of the curve
= [faispositive the shapeis U
= |faisnegative the shapeis N
The y-interceptis at the point (O, ¢)
The zeros or roots are the solutions to ax2 + bx+ ¢=0
= These canbe found using your GDC orthe quadratic formula

= These are also called the x-intercepts
= Therecanbe O,1or2 x-intercepts

b
2a

Thereis an axis of symmetryat X = —
= Thisis giveninyour formula booklet
= |f there are two x-intercepts then the axis of symmetry goes through the midpoint of them

The vertexlies on the axis of symmetry

b
= Thex-coordinateis — <~
2a

b

= They-coordinate can be found using the GDC or by calculatingywhen X = — 2_61

= [fais positive then the vertexis the minimum point
= |f ais negative then the vertexis the maximum point
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MAXIMUM POINT
Your notes
IN IN .

S— —
0 / =% 0 “X
a>0 a<0

MINIMUM  POINT

POSITIVE QUADRATIC NEGATIVE QUADRATIC
#Fsavemyexams
IN
x—AXIS INTERCEPTS
(ROOTS)
~
0 X
\E: y—AXIS INTERCEPT
TURNING POINT
#)save myexams
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O Examiner Tip

Use your GDC to find the roots and the turning point of a quadratic function

= Youdo notneedto factorise orcomplete the square
Itis good exam technique to sketch the graph from your GDC as part of your working

@ Worked example
a) Write down the equation of the axis of symmetry forthe graph Y = 4x2-4x-73.

Axis of symmetry of the
graph of a quadratic f(x)=ax" + bx+¢ = axis of symmetryis x=-—
a

Formula book\ef function
a — L\- b = - ‘-1- C s - 3
4

2(k)

|
Xt

b) Sketchthe graph y = 4x2—4x-3

Use GDC to find vertex, roots and B—m’rercepﬁ

Vertex - (qu -k)
Reots - (‘%l 0) and (3,0)

y-intercept = (0,~3)
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Cubic Functions & Graphs /

What are the key features of cubic graphs? Your notes

» Acubicgraphisoftheform y = ax3 + bx2+ cx + dwhere a#0.
= Thevalue of a affects the shape of the curve
= |f ais positive the graph goes from bottom left to top right
= |faisnegative the graph goes from top left to bottom right
= They-interceptis at the point (O, d)
= Thezeros orroots are the solutionsto ax> + bx?2+ cx+d=0
= These canbe found using your GDC
= These are also called the x-intercepts
= Therecanbel, 2 or 3 x-intercepts
= Thereisalwaysatleast]
= There are either O or 2 local minimums/maximums
= |fthere are O then the curve is monotonic (always increasing or always decreasing)
= [fthere are2thenoneisalocal minimum and oneis alocal maximum

A
LTUHMNG POINTS y="F(x)

~ SMOOTH
CURVE

S
¢

y—AXIS
INTERCEPT
x—AXIS
INEERGERIS
#Fsavemyexams
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O Examiner Tip

= You canuse your GDC to find the roots, the local maximum and local minimum of a cubic function
= When drawing/sketching the graph of a cubic function be sure to label all the key features

= X and YV axesintercepts
= thelocal maximum point
= thelocal minimum point

@ Worked example

Sketchthe graph Yy =2x3 —6x2+x—3.

Use GDC to find min,max, roots aad y-intercept
Min = (1.43,-9.043)  Max= (0.083, -2.95%)
Rot = (3,0)

y-infercept = (0,-3)

xflxz-Bfu -3

0.089,295%
(01-38 )

(1a3,-4.0w3)
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Exponential Functions & Graphs /
What are the key features of exponential graphs? Your notes

= Anexponential graphis of the form
» y=ka*+cor y=ka X+ cwhere a>0
» y=ke*+c
= Where eis the mathematical constant 2.718...
= They-interceptis at the point (0, k +c)
= Thereis ahorizontal asymptoteaty=c
= Thevalue of k determines whether the graph is above or below the asymptote
= |f kis positive the graphis above the asymptote
* Sotherangeis Y > C
= |f kis negative the graphis below the asymptote
= Sotherangeis Yy <c¢
= The coefficient of xand the constant k determine whether the graph is increasing or decreasing
= |fthe coefficient of xand k have the same sign then graph s increasing
= |f the coefficient of xand k have different signs then the graphis decreasing
= Thereisatmost1root
= |tcanbefoundusingyour GDC

IN BOTH CURVES, k>0 AND a>1

y /N
y=ka*+c y=ka*+c
or or
y=ke™+ ¢ y=ke™+ ¢ r>0
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O Examiner Tip /

Your notes
= Youmay have to change the viewing window settings on your GDC to make asymptotes clear

= Asmallscale can make it look as though the curve and an asymptote intercept
= Be careful about how two exponential graphs drawn on the same axes look

= Particularly which one is "on top” either side of the Y -axis
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@ Worked example ,

Your notes
a) Onthe same set of axes sketchthe graphs Yy = 2X and y= 3X Clearly label each graph.

33"
3z

(0,1

b) Sketchthe graph y=2e73X+1,
Use GDC to find intercept ad aSljmpioie
lﬁ-in‘fﬂ'tep'i 2 (0, 3)
AS\jmp‘rD’re.’ y=I

(0,3)

Page 26 of 28

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Sinusoidal Functions & Graphs /

What are the key features of sinusoidal graphs? Your notes

= Asinusoidal graphis of the form
- y=asin(bx)+d
s y= acos(bx) + d
= They-interceptis at the point
= (0.d)for y=asin(bx) + d
= (0,a+d)for y= acos(bx)+d
= The period of the graphis the length of the interval of a full cycle

360°
b

= Themaximumvalueisy=a+d
= The minimumvalueisy=-a+d
= The principal axis is the horizontal line halfway between the maximum and minimum values

= Thisis

= Thisisy=d
= The amplitudeis the vertical distance from the principal axis to the maximum value
= Thisisa
Y /
L5 PERIOD
y=a+d
AMPLITUDE y=asin(bx)+d
y=d

X
y=acos(bx)+d
““““ y= —a-+d

O Examiner Tip

= Pay careful attention to the angles between which you are required to use or draw/sketch a
sinusoidal graph
= e.g. 0°<x<360°
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@ Worked example
a) Sketchthe graph y = 3Sin(2X) + 1 forthevalues 0 < x <360.

Use GD( to find max and min

3:3sin(1x) ¥
H,-.
o)
W 50 20 30
-1 =
b) State the equation of the principal axis of the curve.

Pr‘mc'\pa\ axis is in middle of maximum and minimum

po‘mfs
b+ "2 |

A
y=|

c) State the period and amplitude.

Period is how often #t repeats

360 _

5 - \%D

Period = 180°

ﬁmpli’rude is distance From prin(ipal axis o maximum
Or  minimum

k-l =1-"223

Amplitude =3
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